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1. Introduction 



Twisted K-theory has recently attracted much attention, both in mathematics and in string 
theory. Most notable among the results obtained in this subject is the theorem by Freed, 
Hopkins and Teleman (FHT) relating twisted K-theory to the Verlinde algebra 
which seen in the light of efforts in string theory to relate K-theory to D-brane charges, as 
computed from conformal field theory data, is indeed very suggestive. 

In string theory, the importance of K-theory is founded upon the conjecture that 
D-brane charges are classified by the K-theory of the target space [f|||. This conjecture 
has been tested in various instances, when both an algebraic description of the D-branes 
in terms of boundary conformal field theory (BCFT) as well as the relevant K-theory 
are accessible to explicit computations. Most prominent examples of theories, where the 
BCFT is under control are free CFTs, orbifolds, WZW and coset models. The relation 
to K-theory has been established in a vast number of examples for the free and orbifold 
theories. In the case of (super symmetric) WZW models, the presence of the non-trivial 
background B-field implies that D-brane charges should take values in a twisted version 
of K-theory. The K-theories relevant for WZW models have been computed in and 
indicate that the known boundary states do not in general suffice to fill up the charge 
lattice that is predicted by K-theory. 

In this paper the correspondence between D-brane charges and K-theory shall be 
explored for coset CFTs ||. Supersymmetry is key to the present discussion, and the 
relevant models are the Kazama-Suzuki coset theories [TO], of which the Grassmannian 



and generalized parafermionic cosets shall be of foremost interest. Using the FHT result, 
we provide the computation of the twisted equivariant K-groups associated to these models 
and discuss the relation to the BCFT. 

The plan of the paper is as follows. In section 2, we discuss as a prelude the super- 
minimal models, and compare K-theory to BCFT in this simplest example. Section 3 
provides some detail on the CFT-side of the cosets. The main result is contained in 
section 4, where we use the theorem by FHT to compute the twisted equivariant 
K-theory of the coset models. A matching with the BCFT results is established in the case 
of Grassmannian cosets, and we close with concluding remarks and acknowledgements. 
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2. Superparafermions 

The super-minimal models, realized as superparafermionic it(l) cosets of the su(2)k WZW 
models, are the simplest examples of M = 2 superconformal field theories. In this section 
we review the boundary CFT in these models, as well as compute the K-theory lattice 
of D-brane charges. This should serve as an appetizer to subsequent sections, where 
generalizations to other M = 2 coset theories shall be discussed. 

2.1. The boundary CFT side 



The superparafermions [|TT| , |T0[| have a representation in terms of the coset models 

su(2) k ® u(l) 4 

"(l)2(fc+2) 



(2.1) 



The highest weight representations will be labeled by (A, m, a), where A is an su(2)k weight, 
m labels the u(l) 2 (k+2) representations and a specifies the weight of 11(1)4. The induced 
level 2k = 2(k + 2) of the it(l)2(fc+2) denominator theory indicates that the weight m takes 
values in ~E./2(k + 2). The theories (|2.1|) are obtained as supersymmetric generalizations 
of the coset construction for su(2)/u(l), where dim(su(2)) — dim(u(l)) adjoint fermions, 
described by the 11(1)4 factor, are introduced. The corresponding representation label a 
takes values in 2/4. The coset selection and identification rules are 

A + m + a G 2Z, 

(2.2) 

(A, m, a) = (k - A, m + k + 2, a + 2) , 

which are obtained in the standard fashion by acting with the proper automorphism a : 
A = [Ax] — > [k — Ax] on the modular S-matrices [ 1^] . The theories (|2.1|) are the simplest 



examples of the generalized parafermion cosets su(n + 1) k / u(l) n , and the supersymmetric 
Grassmannian coset models su(n + l)k/u(n). 

The boundary states for (^7l|) are wen known [|l^,[lj,|]^[l6| and a brief review of the 



results necessary for the present discussion is in place. We shall focus on A-type boundary 
states for the M = 2 algebra. In view of the comparison to K-theory, the lattice of RR- 
charges will be of main interest. In the BCFT this is computed by the intersection index 
||17|| , which in the case of the M = 2 superparafermion coset models has been obtained in 
13| , |r8| , |15H . Recall that the intersection index in the closed string picture is defined in terms 



of the overlaps of the RR-sectors of the boundary states [18. Tq]. The key observation in 



15|] is that the states with A = form a generating set for the charge lattice of boundary 
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states in the superparafermion models. In detail, the boundary state intersection for Cardy 
states J (At, mi, 0))) is 

(^M)) m ^= N Z\lT= (E<A 2 E E ^- m+m °] > (2-3) 

\ snlJ) / mi,m 2 

where the first sum extends over all su(2) level k representations, and the second sum is 
over all states, that are coset fields representing Ramond sector ground states, i.e., which 
by |19| take the form (A, m, a), with m, A e 2, such that 



m = w(A + l), (2.4) 

for some element w in the su(2) Weyl group, W su ^ 2 ) = (±1)- Further mo = 1 is the w(l) 
charge of the spectral flow operator, and N and g are the su(2) and u(l) fusion matrices, 
respectively. In detail, the fusion matrix element for the u(l) fields m, mi, m 2 is given by 
(fi' m )m 1 m 2 = 5 mi , m2+m , or equivalently, g is the shift matrix g mi m 2 = $mi,m 2 +l- In ( |Q1 ) 
we have fixed a = and view X as a matrix in the denominator it(l) weights, m,. By 
performing the sum over the u(l) weights m, that are allowed by ( |2.4j ) for a given su(2) 
weight r we arrive at 

Wo = £<A a GT r -0 r+2 ). ( 2 - 5 ) 
r 

To prove that the A = states, with fixed value of a, form a basis of the charge lattice, 
first note that 

J (0)0 ) = I - g 2 ■ (2.6) 

The matrices Q2.5p with general values for Ai and A2 can be obtained from the following 
linear combination 

(<T Al + g~ Al+2 + ■■■ + g Al )i ( o,o) GT Aa + g~ A2+2 + --- + g A >) 

= (<T Al + <T Al+2 + --- + f Al )E ^ a 2 Gr r - g r+2 ) f0 7 , 

= E<A 2 or r -/ +2 ), 

r 

where the last step follows by inserting the explicit form of the fusion coefficients 
(e.g. [pmpT| ). In particular for su(2) these are 



N r*A 2 ~ E E e ^™(A+r+i)-A 2 -i , {21 



where Pa is the weight system of A. Thus all boundary intersections can be written in 
terms of the intersection of A = states. ( |2.6|) and the explicit form of the matrix g, which 
shifts every u(l) label by one, implies that the rank of 2(0,0) is /c + 1. 

There are two types of A-branes, which satisfy the gluing conditions = ±(5^, 
which were refered to as even (odd) branes in ||14j] . Naively, each of these give rise to a 
charge lattice 2 fc+1 , thus resulting in the total charge lattice ~%?( kJrl \ which is isomorphic 
to the Verlinde fusion ring of w(l)2(fe+i), 2.e. 



V„ 



R 



(i) 



«(i) 



2(fe+l) 



'2(fc+l) 



Z 2(fc+1) 



(2.9) 



where R u m = Z[£, £ is the representation ring of u(l) and fyk+i) is the Verlinde ideal. 
Taking the point of view of the gauged WZW model, the A = states can be seen to 



form a basis for the charge lattice as follows. As explained in |22|,[T4[], the parafermions ( |2 . 1] ) 
have a disk target space (together with a non-trivial B-field and dilaton). For fixed level 
k we introduce k + 2 even and k + 2 odd points on the boundary of the disk. Then it was 



shown in |14| that there are (k + 2)(k+l) even (odd) A-branes, corresponding to Dl-branes 
stretching between the even (odd) points. The A = Dl-branes ||0, n, s)) stretch between 
consecutive points (of same chirality, that is, even or odd), i.e., between (n — 1)tt / (k+2) and 
(n + 1)tt/ \k + 2), and are thus the shortest Dl-branes. From the tachyons analysis in [|14| 
we follow that two consecutive such Dl-branes ||0, n, s)) and ||0, n + 2, s)), decay and merge 
to give a Dl-brane with non-trivial A, ||1, n + 1, s)), as depicted in Figure 1. Iterating this 
process we can produce all branes (for fixed chirality) from the A = states, as expected 
from the above intersection index computation. These decays have been analyzed also in 

US 




A=0 



Figure 1 Decay of two A = into a A = 1 D-brane for k = 6. 



4 



A simple counting argument then provides the charge lattice: there are k + 2 even 
points, and therefore k + 2 Dl-branes with A = 0. Since in addition the full ring of A = 
states is trivial, one of these branes is redundant. The charge lattice for the even branes 
is therefore The same argument holds for the odd branes, so that the total charge 

lattice is Z 2 ( fc+1 ). This discussion is therefore in agreement with the calculation in terms 
of the intersection index. 

2.2. Twisted equivariant K-theory T K U ^(SU(2)) 

This section provides a comparison of the D-brane charges, as computed in the last 
section, with K-theory. The gauged WZW description dictates what the relevant K-theory 
for these backgrounds is. The gauging implies that the K-theory needs to be equivariant 
with respect to the conjugation action, and the presence of the non-trivial B-field neces- 
sitates a non-trivial twisting with respect to a 3-form. For other discussion of equivariant 
and twisted K-theory see e.g. [ p4| ,| 

In the case of the SU (2)/U (1) coset we can compute the twisted equivariant K-group 
directly, using a Mayer- Vietoris argument. This calculation generalizes in principle to 
SU(N) with N > 2, but the story gets more involved due to the rather complicated cell 
structure (see e.g. [SO]) and other ways of computation will be more suitable. A calculation 
similar in spirit to the one presented in this section can be found in [|l] for T Ksu(2)(SU(2)). 

The geometrical action corresponding to the CFT coset is the conjugation action. 
Thus, the action of U(l) on SU(2) is 

SU(2) 3 g i-f diag(e lt , e~ lt ) g diag(e" lt , e**) . (2.10) 

The fixed point set is an S . We choose an open covering of SU(2) ~ S 3 that is invariant 
under this action 

A = SU(2)\{-id} , B = SU(2)\{id}, (2.11) 

where A and B intersect in the equatorial S 2 . The Mayer- Vietoris sequence for this CW 
triad then reads 

^ U{1) (SU{2)) — > ^0 (1) (A)©^ (1) (S) T» (1) (AnB) 

T I • (2.12) 

r 4(i)(^nB) — T JrJ (1) (A)®Tffi (1) (B) <— -Kl r{1) (SU(2)) 
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Since the fixed S 1 intersects A as well as B in a point, the corresponding groups are simply 
given by the representation ring of U(l), i.e. 



T K° U(1) (A) = T K° U(1) (B) = R u{1) , T Klj {l) {A) = T K l u{1) (B) = 0. (2.13) 

To compute T K^, x dA n B) we need to apply a second Mayer-Vietoris argument. So, 
choosing the analogous covering for A n B = S 2 as in ( |2.11| ), we obtain 

T K° U(1) (S 2 ) — > Ru(i) © Ru(i) T ^ ( i)(^) 

T I • (2.14) 

o^o^ r ^ (1) (s 2 ) 

Now note that S 1 = U(l)/~Z-2- To see this, note that the S 1 in the intersection of the 
covers of S 2 is embedded into the SU (2) by 

S^(( I, (2.15) 



whereupon the action of the U(l) as of ( |2.1U| ) is by twice the angle. Thus 

T K° u{1) (S 1 ) = ^ 2 (pt.) = T 2 , (2.16) 

the map ip is given by 

1> ■■ (x, x) ^ (X(l) - , - • (2-17) 

Hence the cokernel is T K^j, 1 JA C\ B) = and the kernel is 

T K° U{1) (An B) = ( © i2rr(D , (2-18) 

i.e., these are pairs of characters identified at id and —id, and so the quotient by ip removes 
two copies of Z. 

Putting this together, the map <p in (|2.12| ) becomes 

(p : © -R[/(i) — * ( -R[/(i) © Ru(x) ) 

(2.19) 

(/, U + gL\ f + gL~«), 

where L is the generator of Run) and we have used the fact that due to the twisting, the 
bundles over A and B are patched together by tensoring with the twist-class. So this has 
trivial kernel, i.e., T Ky^(SU(2)) = 0. The cokernel, (without the ifj identification) would 
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be (Ru(i) © Ru(i))/Im where the ideal is I K = (L K — L~ K ), and so the cokernel would 
be isomorphic to Z 2k . Including the ip identification then results in Z 2k_2 . We conclude 
thereby that 

T Klj {1) {SU{2)) = Z 2k " 2 = 2 2 ( fc+1 ) , T K° U{1) (SU{2)) = 0. (2.20) 
Comparison with (|2.9| ) then yields that 

K 1 U(1) (SU(2)) = (2.21) 

1 2(k+l) 

which is reminiscent of the statement in Jl]|| in the case of the topological G/G coset and 
G-equivariant twisted K-theory of G. 

2.3. Comparision between K-theory and D-brane charges 

In the comparison between K-theory and D-brane charges there are two subtle points 
that one has to take into account. Firstly, in order to compare the K-theory to the CFT, 
we note, that not only the equivariance with respect to the u(l) action has to be taken 
into account. Recall that the selection and identification rules amount to modding out in 
addition with the common centre of su{2) and u(l), i.e., with Z2 as specified in the second 
equation of (|2.2|). Hence, the CFT needs to be compared to r -Kr/(i)/z 2 (SU(2)). The key 
change that occurs in the above K-theory computation is then that ( |2.16| ) is replaced by 



T K° u{1)/ ^(S 1 ) = T K (pt.) = X, (2.22) 

wherefore 

T ^(D/z 2 (SU(2)) = Z"" 1 = Z fc+1 , T K° U(1)/ ^ (SU(2)) = . (2.23) 
This corresponds precisely to the charges carried by the even (or odd) branes. 

The second point to note is that K-theory is meant to classify the charges of D- 
branes in string theory (as opposed to CFT). In addition to conformal field-theoretical 
consistency conditions, in string theory the GSO-projection has to be imposed upon the 
boundary states. As is familiar from other super-string backgrounds (see e.g., fl3lfl)i this 
does indeed cut down the number of allowed D-branes. E.g. in flat space Type II theories, 
GSO-invariance of the boundary states implies that both the NSNS and the RR sector 
parts of the boundary states have to be GSO-invariant, which implies that there are only 
half as many GSO-invariant boundary states than Ishibashi states (as opposed to BCFT, 
where the number of Cardy states equals the number of Ishibashi states). We conjecture 
that a similar reduction occurs for the above coset models. In the present case the NS (R) 
sector corresponds to even (odd) a, i.e., the NSNS and RR sector branes are precisely the 
even and odd branes, respectively. To confirm this, one should consider a proper, critical 
string background based on these coset theories, such as are provided by Gepner models. 
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3. J\f = 2 coset models and D-brane charges 

In the following, we shall generalize the computations from SU(2) /U(l) to the Grassmann 
models and generalized parafermions. We will step back for a moment and provide some 
relevant facts of these M = 2 coset CFTs. 

3.1. Super •symmetric coset models 

Recall that any WZW model for a compact Lie group G, described by affine Qk at level 
k, can be supersymmetrized to an M = 1 SCFT by introducing dim($j) fermionic fields 
transforming in the adjoint representation [|32[ . This theory is most elegantly described by 



'decoupling' the bosonic and fermionic degrees of freedom (see e.g. [10]), which results in 



shifting the level of the KM theory. The Af = 1 supersymmetric version for Qk is then 

Q k - g © so{dim{Q)) 1 , (3.1) 

where g is the dual Coxeter number such that facdfbcd = 9 Sab- The central charge of the 
model is thus 

1 ,. / •> (k — q)dim(Q) . . 

c = - dim(Q) + ± ^ ^ . (3.2) 

Due to the product structure of (|3.1|) , it usually suffices to study the bosonic Qk model 
and infer from there the supersymmetric statements by tensoring with the so(d)i theory. 
In particular, this was used in || to compare the boundary states to K-theory charges. 

The supersymmetrization of coset models is slightly more intricate. Let f) be a sub-Lie 
algebra of q. The supersymmetric construction for Qk contains one for f), and one can apply 
the coset construction to this pair of theories. The so-obtained M = 1 supersymmetric 
coset models are of the form 

Q k © so(2d) 1 

h ) V 6 - 6 ) 

where d = ^(dim(g) — dim(t))) and g denotes the dual Coxeter numbers of the respective 
Lie algebras. The so(2d)\ part again parametrizes d complex fermions. Note that this 
corresponds to the supersymmetric version of Qk+g 8 /fy- It is important to realize that f) 
is embedded diagonally into © so(2d)i and hence, that the theory does not simply 
factorize into bosonic and fermionic contributions, as e.g. in the WZW models. This is 
apparent from the way the f) current algebra is constructed in [[Kj. One consequence of 
this for the present purposes is that the bosonic results for coset branes in gfc/f) will not 
simply carry over to the supersymmetrized theory. There are non-trivial selection rules 
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for highest weights in the supersymmetric coset, which non-trivially mix the weights of g, 
so(2d) and f) (see below). 

Generically, (|3.3| ) is an Af = 1 theory. As is well known from |TD], for rank($j) = 



rank(fj), the coset theory is Af = 2 if the geometric (right-action) coset space G/H of 
the corresponding Lie groups is Kahler. The representations of the coset model ( |3.3|) are 
labeled by highest weights (A, A, a), which correspond to Qk, t)k+g g - gt , and so{2d)\ highest 
weights, respectively. However, not all combinations of weights are distinct in the coset 
theory. Gepner developed a general method how to extract the field identifications in coset 
models by analyzing the action of certain automorphisms on the S-modular matrix JT2J . 

3.2. Grassmanian coset models Gr(n, k) 

The models of interest in the following are the generalized super-conformal minimal 
models based on the Grassmannians G(n,n + k) of n-planes in (C n+fc ? which after level-rank 
duality take the form of projective cosets 

. . au(n + l) fc 0so(2n)i 
Gr(n,k) : — 7— . (3.4) 

su{n) k+1 © w(l) n(n+1 ) (fc+n+1 ) 

The level of ti(l)n(n+i)(fc+n+i) indicates the weights are 2 n ( n _|_ 1 )( fc _|_ n _|_ 1 )-valued. The cen- 
tral charge is c = 3nk/(k + n + l) and the weights are labeled by (A, A, m, a), where A and 
m correspond to su(n) and u(l) weights, respectively, as well as so(2n)i weights a G Z/4. 
The highest weights in the basis of fundamental weights are 

n 

A=(A 1 ,-..,A n ), A = (A 1 ,---,A n _ 1 ), m=(n+l)A^ -A = J2 iA i- ( 3 - 5 ) 

i=l 

Not all combinations of weights in (|3.5|) are distinct in the theory and certain field iden- 



tifications need to be imposed. Recall from [12| that an automorphism a of the extended 



Dynkin diagram of Qk is defined to be proper, if 

a(X) = a(0) + w a (X) , (3.6) 

for some fixed w a G W. For any proper automorphism cr(0) = k\ a , where A^ is a level 1 
weight (specified for each such a) . The field identification rules are extracted by considering 
the action of proper automorphisms on the S-modular matrix. Let S^' r be the S-modular 
matrix for Qk. Using the explicit form of S it follows that 

C0. fc _ „27riA CT r Q0,fc (n n\ 

D a(A),r _ e D A,r • K^-'J 



Then, fields for which the phase in ( |3.7|) vanishes need to be identified in order to ensure 
that the modular matrix has full rank. 

Consider thus the proper automorphisms, acting on su(n+l) and so(2d)i, respectively, 

as 

a (A) = /cA (1) + w a (A), a v (a) = v + W<Jv (a), (3.8) 

where v is the so(2d)\ vector weight. Note that for su(n + 1) the proper outer auto- 
morphisms are given by the order n + 1 rotation group of the extended Dynkin diagram, 
i.e. 

' A,A (l) ) = (k - Ai A n ) A« + AiA (2) + • ■ • + A n _iA^ . (3.9) 

\i=l J 

There are two combinations of these automorphisms that can be applied to the coset fields 
J\ (A, A, m, a) = (cr(A), cr(A), m + k + n + 1, cr v (a)) , 

(3.10) 

J 2 (A, A, m, a) = (a(A), A, m + n(k + n + 1), o£(a)) , 

which are of order n(n + 1) and n + 1 respectively, since a on su(n) is of order n. Applying 
( P-7| ) and ( |3.10[ ), shows that the phase vanishes, and thus that the S-matrix elements for 



the coset field and its images under J\ and Ji are the same (cf. [p!9|Jl^ 1). This leads us to 
identify the fields ( p.!0|) in order to maintain unitarity of the S-matrix. For later reference, 



recall that the dimension of the chiral ring is 



dimft Gr(n ' fc) 



(n + k)\ 

Til kl 



A peculiar property of the Gr(n, k) is that they are conjectured to be invariant under 
the exchange of k and n, i.e., 

Gr(n,k)^Gr(k,n). (3.11) 
Despite the lack of a full proof of this level-rank duality, very convincing arguments have 



been put forward, most notably in [10], where it is shown that the coset representation 



of the M = 2 superconformal algebra is symmetric in k and n. Furthermore, in |3^] an 



isomorphism between the chiral data is constructed. This implies in particular, that the 
corresponding boundary theories need to respect level-rank duality. 

The boundary intersection index X a & = Tr H °p^ (— 1) F = RR((a\b)) rr fT^ , |il||l3ll for the 
Grassmannian coset models has been computed in fllBj . It was indicated there that, as 
discussed earlier for the superminimal model, it is sufficient to compute the index for the 
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(3.12) 



A = Cardy boundary states. The rank of the charge lattice is equal to the dimension of 
the chiral ring, i.e., 

n + k 

n 

The result ( |3.12|) refers to the charges of even or odd maximally supersymmetric D-branes 
in the Grassmannian coset CFTs and the purpose of the subsequent section is to derive 
this result for the charge lattice by a K-theory computation. 

3.3. Superparafermion coset modesl SPF(n, k) 

A related coset model is that of SU(n) by its maximal torus, i.e. the generalized 
superparafermions, 

SPF{n,k) : su(n + l) k ®so(n(n + l))^ ^ 

The BCFT will be discussed elsewhere, however, we shall provide the corresponding K- 
theory calculation below. The selection and identification rules which are needed for this 
computation are as follows. 

The center of SU(n + 1), or equivalently the outer automorphism group of its affine 
version, is generated by the order n + 1 rotation a of the extended Dynkin diagram. Again, 
a v acts on the so(n(n + l))i, with o~ v (0) = v. This imposes the identification rule 

( (7(A) , m + £7(0) , <(a) ) = (A, m, a) , (3.14) 

where a(0) = (k + n + 1)A (1) . 

The dimension of the chiral ring in this case, using | 19|| , is computed to be 



dim7^ PF (™> fc ) = 



4. Twisted equivariant K-theory 

This section provides the computation of the twisted equivariant K-groups relevant for the 
generalized parafermions and Grassmannian coset models. 
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4.1. T K H (G) 

Let G be a simple, simply-connected, connected Lie group (i.e., in particular m is 
torsion- free) . For most purposes we shall consider G = SU(N + 1). Further let H be a 
connected, maximal rank subgroup of G. Then the computation of t Kh(G) can be traced 
back to the computation of Freed, Hopkins and Teleman in |TJ|^ of t Kq{G). The theorem 
by FHT states, that twisted G-equivariant K-theory of G is isomophic as an algebra to 
the Verlinde algebra of G at a level k determined by the 3-form that specifies the twist r 
of the K-theory 

The twist r given by the k + g multiple of the generator of H 3 (G, 2), which corresponds 
to the H = dB 3-form flux. The important point about fl4.1|) that stresses its possible 
relevance for coset models is that the G-equivariance is taken with respect to the adjoint 
action of G on itself. 

The case of coset models, where if is a proper, connected, maximal rank subgroup, 
relates to this result as follows. First define 

G c x H G={(g,~g)eGxG; (g, g) ~ (h~ x gh, gh) ,he H] . (4.2) 

Here, G c indicates that the action of H on G is taken to be the conjugation action, whereas 
on the second factor, the action is the right action. Then the map 

$ : G c x H G -> G c x G/H 

(g,g) (ggg' 1 ,^) , 

is well-defined and an isomorphism. In order to calculate the twisted equivariant K-groups, 
note further, that for any if-space 

K G (Xx H G) = K H (X), (4.4) 

where the equivariance is with respect to the specified action of H on X. This is simply 
the statement that any G-bundle over G x h X is determined by the underlying if-bundle 
over X. Hence, setting G c = X we obtain 



K G (G C x G/H) = Kq{G c x h G) K H (G C ) , 
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(4.5) 



For tt\(G) torsion- free, an equivariant form of the Kiinneth formula holds by a result of 
Hodgkin and Snaith [ 34|,35|1 , whereby^ 



T K H (G) = T K G (G) ® Ra R h , (4.6) 

where R denotes as before the representation rings of the respective groups. Note that we 
used the isomorphism Kq{G/H) = Kn(pt.), which is true since any G-bundle on G/H is 
of the form G x# R — > G x# pt. = G/H for a if-representation R. 

We can now complete our computation of Kh(G). For Rh free as an i?c-module, 
which holds for H of maximal rank and connected JJ6], we can use the FHT result ([4.1] ) 
to simplify ( fl.6| ) into 

t Kh (C) = ^. (4.7) 

J-G 

Iq is the Verlinde ideal of G, that is, the ideal, that provides the identifications necessary 
in order to obtain the Verlinde algebra at a specified level from the representation ring of 
G as V G = Rq/Ig- The Schubert-like combinatorial relations, that define the ideal Iq 
were obtained in fl3"7fl . 

First, in order to elucidate (|4.7|), it is useful to recall how the representation rings of G 
and H are related. Since any G-representation can be decomposed into .^-representations, 
Rq < Rh- More precisely, by definition the representation ring is 

R G = -£{M*} Wg = Z[A (1) , ■ • • , A (n) ] , (4.8) 

where M* is the weight lattice, Wq the Weyl group, so that 7L [M*] w ° is the polynomial 
ring of invariant polynomials in the weights. Since any representation can be decomposed 
into representations with highest weights equal to the fundamental weights A^, the latter 
form a basis of the representation ring. 

* More precisely, the theorem states the existence of a Kiinneth spectral sequence, with E^ v ' q = 
Tor 1 ^ G ( T KQ(G), Kjj(pt.)) converging to t Kh(G). However, in the present context Rh is a free 
module over Rg, wherefore the higher Tor's vanish and the spectral sequence collapses. See e.g. 
H for a case where this spectral sequence is non-trivial. 
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4-2. Twist-class and level of the Verlinde-ideal 

To compare the above results with the intersection index calculation it is interesting 
to compute the induced level of the Verlinde ideal entering the K-theory calculation in 
( |4 . 7| ) . Recall, that each invariant symmetric bilinear form on the Lie algebra g is in one 
to one correspondence with central extensions 1R — > Lg — > Lg of the loop algebra ||3811 . 
This relation follows by noting that each such bilinear form (, ) on g defines a co cycle 
uj : Lg x Lg — > IR on the corresponding loop algebra Lg as 

io(Z(z),rj(z)) = Res z=0 (£(z), drj(z) > . (4.9) 

If uj is integral then there is a corresponding central extension U(l) — > LG — > LG of the 
loop group LG. 

In the case of t Kq(G), the twist-class is an equivariant integral cohomology class r 
in H G (G). In [H the twistings were chosen, such that the restriction to H^(T) : where T is 
the maximal torus of G, have trivial components in H 3 (T). In this case it was shown that 
the twisted equivariant K-theory with complex coefficients can be computed as a twisted 
cohomology with coefficients in a line-bundle £ T , which is determined by the class r, 

t Kq 1 (G; (C)g = T H even/odd (G 9 ;C T (g)) , (4.10) 

where A denotes completion (see e.g. []3^] ). C T is determined by r as follows, r G H 2 (BT)® 
Lf^T), by the assumption that t\h*(t) = 0- Thus, it defines a map r : T — > T v . The sheaf 
C T (t) for t G T is r(t), which specifies a line bundle over T, since T v labels line-bundles 
over T. t Kq 1 (G; <C)g can be viewed as the completion of sections of a sheaf (denoted 
T /C in Q) over the GIT-quotient G^f/G^. The simplification that occurs in the above 
Kq(G) case is that T /C is a skyscraper-sheaf with one-dimensional stalks, and thus the 
twisted K-theory can be calculated exactly by means of this completion technique. Note, 
that these results hold for K-theory with complex coefficients, and thus in particular do 
not take into account torsion. The case of integral K-theory will be discussed in |[4U|| . 

All this extends to the case of interest in this paper, i.e., H -equivariant K-theory of 
G. The twistings are in Hfj(G), and we restrict them to Hj, (Tq), whereby Tq is the 
maximal torus of G. Again, in (Tq) = H 3 (ETh xt h Tq) we assume that r restricts 
trivially to H S (T H ). Thus r gives rise to a map Tjj — > T^, thus specifying a line- bundle 
over each point in T#. 

A comment on induced level. Fix an element r G Hfj(G) to be the (topological) 
level of a central extension of LG. Then we can write this as k + g times the generator 
of Hjj(G), with k the level and g the dual Coxeter number. The induced twisting on a 
subgroup H will be k + g, wherefore the induced level is k + g — gn, where gu is the dual 
Coxeter number for H . 
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4-3. K U(1) (SU(2)) revisited 

As a first application of the above results, we revisit the calculation for SU(2)/U(1), 
which we already performed using the cell complex earlier. The representation ring of 
£{7(2) is Rsuvz) = ^IA], where A labels the fundamental representation. The ring Rum 
is generated by the one-dimensional representation. More precisely, a representation of 
{7(1) is specified by an integer p, such that 

( p : 17(1) -> GL(C) 

(4.11) 

e ie ^e ipe - , 

i.e., {7(1) acts by multiplication with the pth powers of its generators. Since ( p ®( q = ( p+q i 
the representation ring is generated by £, £ _1 and is isomorphic to Z[C, C -1 ]- The twisting 
for SU(2) is k + 2 and the standard Verlinde ideal is* Igutz) = (A fc+1 ). To compute ( g77| ) 
in this context we note that the representation ring of SU{2) is embedded into that of 
i7(l) by the identification A = Q + C _1 , an d thus 

^K um (SU(2)) = ^0R um = ((<+ ^-V-) = Z2< * +1> - (4 ' 12) 

in degree dim(SU(2)), i.e. for all odd degrees, and vanishes otherwise. This is precisely 
our result ( |2. 20|) . The induced level for the Verlinde ideal as embedded into Rum is again 
k and the twisting r = (k + 2). 

44- K u{n )(SU(n+l)) 

Next we generalize this to the Grassmannian coset models. First recall that 

V s k u(n + i) =^*>. (4.13) 

The twisting in SU(n) is k + n + 1 times the generator of Hjj(G). By the reasoning in the 
last section, the twisting for the SU (n) subgroup is thus also k + n + 1, which corresponds 
to the level k + 1 in SU (n) . ((O]) implies that 

T K u{n) (SU{n + 1)) = f U{n) , (4.14) 

1 SU(n+l) 



* In the following, only the 2-module structure is taken into account, since our main interest 
is the rank of the charge lattice, rather than the ring structure. 
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in degree dim{SU{n + 1)) and vanishes for the complementary degrees. This can be 
made more explicit as follows. From Theorem 3 in |36| we know that for a maximal rank 
subgroup, which is connected and closed 



K{G/H)^R h ® Rg 7L, (4.15) 

where G/H is the right quotient. Applied to the present situation, where SU (n+l)/U (n) = 
(D-P n , and using the K-theory for complex projective space as computed by Adams in f4~i~|j , 
this reads 

Rh®r g T = K(€P n ) ^Z n+1 . (4.16) 
Together with ( |4.13| ), fl4.14j ) simplifies therefore to 



T K u(n) (SU(n + 1)) = Z (n+1) . (4.17) 



4.5. K u{1) 4SU(n + l)) 



For generalized super-parafermion cosets, we invoke Theorem 1 in ||36j| , which implies, 
that R u mn is free of rank (n + 1)!, i.e., 

Ru(l) n — (-RsC/(n+l)) |VK ' = {RsU(n+l))^ + ) (4-18) 



where \W\ is the order of the Weyl group. Therefore ( |4.7| ) results in 

5(n+l)! 



^K u{1) 4SU(n + !))=[ fp^l = Z^'W . (4.19) 



l SU(n+l) 

4-6. Comparison between K-theory and D-brane charges 



To compare the above K-theoretical results to the charge lattice that the boundary 
conformal field theory and string theory predicts, there are again two subtle points that 
need to be elucidated. Firstly, as in the SU(2)/U(1) case, the identification rules implied 
by the order n(n + 1) outer automorphism ( |3.9| ) necessitate that the K-theory has to 
be computed with respect to an additional equivariance. The automorphisms ( |3.10| ) act 



on the affine su{n + 1) weights as outer automorphisms, and thus correspond to central 
elements of the corresponding Lie group SU(n + 1). For this reason, the equivariance in 
the K-theory for Gr(n, k) is with respect to U(n)/Z, where 

Z = Z n(n+1) = (e^/^ l n+1 , ( e2W o nI " Q \\ (4.20) 
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where the first element generates the center of SU{n + 1) and the second generates the 
center of SU(n). This implies 



H/Z = U{n)/7L n{n+1) = SU{n) _^ U{1) I Z n(n+1) = U{n)/7L n+1 . (4.21) 



Therefore there is an additional identification that needs to be taken into account in 

the K-theory computation, in order to compare with the boundary conformal field theory. 
Now note that ~%- n +i sits inside U{1) C U{n), so that the condition on the subgroup being 
connected still holds. That the above arguments goes through for the .ff/Z-equivariant 
K-theory 11 , is seen most directly in the formulation of 0]. Recall from section 4.2, that 
the twisted equivariant K-theory t Kh(G) can be computed by taking sections of a sheaf 
T /C(G), which is defined on H^//H^i. There is a natural Z-action on H^//H^, and in 
order to compute the if/Z-equivariant K-theory, one again takes sections of r /C(G), whose 
stalks are still 1-dimensional, however, the Z-action forces to take invariant sections, which 
amounts to identifying the stalks over the points in each orbit of Z. This leads for the 
present case to an (n + l)-fold identification of the stalks, and thus, the K-groups, i.e., the 
sections of the sheaf in question, are computed to be 



T K u(n)/ ^ +1 (SU(n + l)) = ^ * ). (4.22) 



Note that this is in complete agreement with the charges obtained from the even (odd) 
Cardy branes in the CFT. Further, it is consistent with level-rank duality. 

Analogously, for the generalized superparafermion cosets, the automorphism is of order 
n + 1 and similar reasoning implies that the charge lattice is again given by the dimension 
of the chiral ring 

T Ku(ir /7Ln+1 (SU(n + 1)) = ( n t k ) . (4.23) 

It would be interesting to check this on the CFT side. 

The second point that needs to be addressed refers to the D-brane charges as one 
would expect them from string theory. As discussed in the case of SU(2)/U(1), a full 
string theoretical treatment would require to GSO project, which in particular necessitates 
to cut down the D-brane spectrum to particular superpositions of RR and NSNS sector 
boundary states. This may serve as an explanation, why the K-theory sees only half of 
the brane charges of the CFT. 



^ I thank S. Fredenhagen for pointing out some subtleties in this argument. 
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5. Conclusions and outlook 



In this paper we computed twisted equivariant K-groups, as they arise in the context of 
Kazama- Suzuki models. In the case of Grassmannian coset models the charges obtained 
from the K-theory match with the conformal field theory charges, as obtained from even (or 
odd) A-type Cardy states. The K-theory is obtained as a quotient of the representation ring 
of the denominator group. In particular, the charge lattice satisfies the level-rank duality 
of the bulk theory. Unlike the WZW models, where the twisted K-theory for SU(n + 1), 
n > 3, is strictly larger than the charge lattice of Cardy branes, in the coset model case, 
the Cardy brane charge lattice (at least for the Grassmannian cosets) is precisely given 
by the twisted equivariant K-theory. However, as we pointed out, there is a subtlety 
regarding the comparison to D-brane charges in string theory, which seems to be rooted 
in the GSO-projection. 

It would be an interesting check to compute the CFT intersection index in the case of 
the generalized parafermions, but we shall postpone this to elsewhere. In view of the issue 
related to the GSO-projection, it would be interesting to extend the above K-theoretical 
computations to e.g., Gepner models, where an unambiguous string theory description is 



at hand, and to compare them to the charges computed in [p!3pq|. More generally, the 
FHT theorem may be of help in order to shed some more light on the relation between 
BCFT data and twisted K-theory. 
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